
Journal of Pure and Applied Mathematics: Advances and Applications  
Volume 1, Number 2, 2009, Pages 183-197 

2000 Mathematics Subject Classification: 02.30 Hq, 02.30 lk and 02.30 Jr.
 Keywords and phrases: Weierstrass elliptic function, Jacobi elliptic function, explode decay 

mode solutions, solitary wave solutions. 

Received April 7, 2009 

 2009 Scientific Advances Publishers 

DOUBLY PERIODIC WAVE SOLUTIONS OF HIGHER 
ORDER KdV-mKdV EQUATIONS   

E. V. KRISHNAN and YAN-ZE PENG 

Department of Mathematics and Statistics 
Sultan Qaboos University  
P. O. Box 36  
Al-Khod 123, Muscat 
Sultanate of Oman 
e-mail: krish@squ.edu.om 

School of Mathematics and Statistics 
Wuhan University 
Wuhan 430072 
P. R. China 

Abstract 

The Weierstrass elliptic function method has been employed to derive the periodic 
wave solutions and the corresponding explode decay mode solutions or solitary 
wave solutions of the generalized fifth-order Kortweg-de Vries equation, a 
modified fifth order Korteweg-de Vries equation and a coupled Schrodinger-
Korteweg de Vries system. 

1. Introduction 

Nonlinear evolution equations (NLEEs) [1] are widely used to describe 
various physical phenomena and investigation of cnoidal wave solutions 
and their infinite period counterparts, namely, explode decay mode 
solutions (EDMSs) or solitary wave solutions (SWSs) have been a hot 
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topic of research for decades. The physical significance of the solutions of 
these equations are that they describe various natural phenomena such 
as vibrations, solitons etc. The salient feature of these equations is the 
study of the travelling wave solutions (TWSs) which are solutions of 
constant form moving with a fixed velocity. Three important types of 
travelling waves are: the solitary waves which are localized travelling 
waves asymptotically zero at large distances, the periodic waves, and the 
kink-antikink waves which rise or descend from one asymptotic state to 
another. The most popular methods for deriving these exact solutions of 
NLEEs are, for example, Backlund transformation [17], inverse 
scattering technique [3] Hirota’s direct method [10], tanh method [19], 
series method [9, 13], Jacobi elliptic function method and its extensions 
[6, 18], the algebraic method [4], the sinh-Gordon equation expansion 
method [23, 16], and a mapping method and its extensions [20-22]. 

In this paper, we make use of the properties of the Weierstrass 
elliptic functions (WEFs) [2, 14, 15, 12] to derive the periodic wave 
solutions (PWSs) in terms of Jacobi elliptic functions (JEFs) of some 
NLEEs and, then derive the EDMSs or the SWSs which are their infinite 
period counterparts. 

We organize our work in the following way: In Section 2, we give an 
account of the representation of the solutions of higher order ordinary 
differential equations (ODEs) in terms of WEFs and of the relation 
between the WEFs and JEFs. In Section 3, we derive both the elliptic 
function solutions and the corresponding EDMSs and SWSs of a 
generalized fifth-order Korteweg- de Vries (KdV) equation [11]. In 
Section 4, we investigate the PWSs, EDMSs and SWSs of a fifth order 
modified Korteweg-de Vries equation (mKdV) [5]. In Section 5, we derive 
the PWSs and the EDMSs of a Schrodinger-KdV system [3]. In Section 6, 
we conclude the work.  

2. Weierstrass Elliptic Function 

We consider the ODE of order 2p given by 

( ),1;2

2
+φ=

ξ

φ rf
d
d

p

p
 (2.1) 
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where ( )1; +φ rf  is an ( )1+r  degree polynomial in .φ  

We assume that 

( )( )ξ+=φ sBA 2℘  (2.2) 

is a solution of Equation (2.1), where A and B are arbitrary constants and 
( )( )ξs2℘  is the (2s)-th derivative of the WEF ( ).ξ℘  It can be shown that 

the (2s)-th derivative of ( )ξ℘  is an ( )1+s  degree polynomial in ( )ξ℘  

itself. 

Therefore, for (2.2) to be a solution of Equation (2.1), we should have 
the relation 

.rsrp =−  (2.3) 

So, it is necessary that rp ≥  for us to assume a solution in the form 
(2.2). But this is in no way a sufficient condition for the existence of the 
periodic wave solution in the form (2.2). 

WEF ( )32,; ggξ℘  with invariants 2g  and ,3g  satisfy 

,4 32
32 gg −−−=′ ℘℘℘  (2.4) 

where 

.027 2
3

3
2 >− gg  (2.5) 

The WEF ( )32,; ggξ℘  is related to the JEFs ( ) ( )mdsmns ;,; ξξ  and 
( ),; mcs ξ  which are equivalent expressions given by 

( ) ( ) ( ),,; 2
31332 ξ−+=ξ nseeegg℘  (2.6a) 

( ) ( ) ( ),,; 2
31232 ξ−+=ξ dseeegg℘  (2.6b) 

( ) ( ) ( ),,; 2
31132 ξ−+=ξ cseeegg℘  (2.6c) 

where 321 ,, eee  satisfy 

,04 32
3 =−− gzgz  (2.7) 

with 
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,321 eee >>  (2.8) 

and 

,
31
322

ee
eem

−
−

=  (2.9) 

where m is the modulus of the JEF. 

In this case, the infinite period counterpart will give rise to only 
EDMSs. 

To get the SWSs, we will have to consider solutions in terms of 
reciprocal WEFs. For this purpose, we consider the ODE of order 2k 
given by 

( ),1;2

2
+φ=

ξ

φ rf
d
d

p

k
 (2.10) 

where ( )1; +φ rf  is an ( )1+r  degree polynomial in .φ  

We assume that 

( )( )ξ+=φ sBQA 2  (2.11) 

is a solution of Equation (2.10), where A and B are arbitrary constants 

and ( )( )ξsQ 2  is the (2s)-th derivative of the reciprocal WEF 

( ) ( ) ( )ξ
ξ

=ξ ℘
℘

,1Q  being the WEF. It can be shown that the (2s)-th 

derivative of ( )ξQ  is a ( )12 +s  degree polynomial in ( )ξQ  itself. 

Therefore, for (2.11) to be a solution of Equation (2.10), we should 
have the relation 

.22 rsrk =−  (2.12) 

So, it is necessary that rk ≥2  for us to assume a solution in the form 
(2.11). But this is again in no way a sufficient condition for the existence 
of the periodic wave solution in the form (2.11). 
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3. Generalized Fifth Order KdV Equation 

Consider the generalized fifth order KdV equation 

( ) .02 =δ++β+α+ xxxxxxxxxxxxt uuuuuuuu  (3.1) 

By considering the transformation 

( ) ( ) ,,, wtxzzutxu −==  (3.2) 

the Equation (3.1) becomes 

( ) ( ) .025 =′δ+′′′+′′′β+α+′− uuuuuuuuw  (3.3) 

Integrating Equation (3.3) with respect to z, we get 

( ) ,03
34 =+δ+′′β+α+− Kuuuuwu  (3.4) 

where K is the integration constant. 

We assume the solution of Equation (3.4) in the form 

( )( ),2 zBAu s℘+=  (3.5) 

where A and B are constants to be determined. 

Balancing the highest derivative term and the nonlinear term, we 
will get 0=s  and so we can write the solution of Equation (3.4) as 

( ).zBAu ℘+=  (3.6) 

Substituting Equation (3.5) into Equation (3.4) and equating the like 
powers of ( ),zwp  we arrive at 

,0=A  (3.7a) 

,40939 2

δ
αδ−β±β−

=B  (3.7b) 

,
4093936

2
222

αδ−ββ±β−αδ

δ−= wg  (3.7c) 
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.
10840936 23

αβ−αδ−βα±

δ= Kg  (3.7d) 

Thus our solution to Equation (3.4) is 

( ) ,40939 2

δ
αδ−β±β−=zu  (3.8) 

which can be written in terms of JEF as 

( ) [ ( ) ( )].40939 2
313

2
znseeezu −+

δ
αδ−β±β−=  (3.9) 

In the infinite period limit, as ,1→m  we have ( ) zzns coth→  and 
.21 ee →  

Therefore, using the fact that ,0321 =++ eee  we get .2 13 ee −=  

So, the corresponding EDMS is, 

( ) [ ].cosech340939 2
11

2
zeezu +

δ
αδ−β±β−=  (3.10) 

To derive the SWSs, we shall express the solutions in terms of reciprocal 
WEFs. So, we express the solution of Equation (3.4) in terms of reciprocal 
elliptic function by 

( ) ( ) .z
BAzu

℘
+=  (3.11) 

For convenience, we set the integration constant K in Equation (3.4) to 
zero. Then we substitute Equation (3.11) into the new Equation (3.4) with 

0=K  and equate the coefficients of powers of ( )z℘
1  to zero, so that we 

arrive at 03 =g  and the following four equations 

,032
3

2
15 2

2
2
2 =δ+β−α BBgg  (3.12a) 

,2
3

2gB β=δ  (3.12b) 

,0218 2
2 =δ+β+α− ABg  (3.12c) 
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.032 2 =δ+β+− ABw  (3.12d) 

Solving for A, B and 2g  from Equations (3.12b), (3.12c) and (3.12d), we 
obtain 

( ) ,
63

318
2 β−αδ+β

β−αδ±= wA  (3.13a) 

( )
,

632
3

2 β−αδ+β

β= wB  (3.13b) 

.
63 22

β−αδ+β

δ= wg  (3.13c) 

Substituting for B in Equation (3.12a), we get the constraint relation for 
the coefficients βα,  and δ  as 

.5 2β=αδ  (3.14) 

Thus the doubly periodic wave solution for Equation (3.4) can be written 
as 

( ) ( )
( )

( )
( ) ( )

.
632

3
63

318
2

331

2

22 zsneee
zsnwwzu

+−β−αδ+β

β+
β−αδ+β

β−αδ±=  (3.15) 

The corresponding SWS is, 

( ) ( )
( )

( )
( )

.
2

tanh
632

3
63

318
2

11

2

22 zhsecee
zwwzu

+β−αδ+β

β+
β−αδ+β

β−αδ±=  (3.16) 

4. Fifth Order mKdV Equation 

Consider the fifth order mKdV equation 

,053
2 =++β+ xxxxxxxxxt ucucuuu  (4.1) 

where 3, cβ  and 5c  are real constants. 

TWSs of Equation (4.1) can be found assuming ,wtxz −=  where w  
is the wave velocity, so that Equation (4.1) becomes 
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( ) ,05
53

2 =+′′′+′β+′− ucucuuuw  (4.2) 

where   denotes differentiation with respect to z. 

Integrating Equation (4.2) with respect to z and setting the 
integration constant equal to zero, we obtain the equation 

( ) .03
4

53
3 =+′′+β+− ucucuwu  (4.3) 

One can see like in the last section that Equation (4.3) has solution in the 
form of Equation (3.6) with A, B and 2g  given by 

,
360
6

5

3
β−

=
c

cA ∓  (4.4a) 

,360 5
β

−±=
cB  (4.4b) 

.
180

10
2
5

2
35

2
c

cwcg +
−=  (4.4c) 

The other invariant 3g  can be found using Equation (4.4a), (4.4b) and 

(4.4c) as 

.12
362

5
32

3
3 Bc

cBgwAAg −−β
=  (4.4d) 

From Equations (4.4a) and (4.4b), it is evident that β  and 5c  should be of 

opposite signs. Also, since 2g  cannot be negative, the wave speed w  

should satisfy the inequality 

.10 5

2
3
c

cw −<  (4.5) 

Thus, for positive speed, 5c  should be negative and for negative speed, 5c  

should be positive. 

So, the solution of Equation (4.3) is, 
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( ) ( ).360
360
6 5

5

3 zc
c

czu ℘
β

−±
β−

= ∓  (4.6) 

The solution in terms of Jacobi elliptic function can be written as 

( ) [ ( ) ( )].360
360
6 2

313
5

5

3 znseeec
c

czu −+
β

−±
β−

= ∓  (4.7) 

As ,1→m  the solution (4.7) leads to the EDMS 

( ) [ ( )].cosech3360
360
6 2

11
5

5

3 zeec
c

czu +
β

−±
β−

= ∓  (4.8) 

Now, to derive the SWSs we assume the solution of Equation (4.3) in 
terms of reciprocal WEFs as 

( ) ( ) .z
BAzu

℘
+=  (4.9) 

Substituting Equation (4.9) into Equation (4.3), we obtain 

,10 5

2
3
c

cA
β

−±=  (4.10a) 

,10
120

10 5
2
5

5
2
3

β
−

+
=

c
c

wccB ∓  (4.10b) 

,
180

10
2
5

5
2
3

2
c

wccg +
−=  (4.10c) 

.03 =g  (4.10d) 

From Equation (4.10a), it is evident that for real solution, 5c  and β  

should be of opposite signs. For writing down Equation (4.10b), we 
assumed that 3c  and β  are positive, so that 5c  must be negative. Also, 

since 2g  has to be always positive, we should have the condition that 

.010 5
2
3 <+ wcc  
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Thus our solution of Equation (4.3) in terms of JEF can be written as 

( ) ( )
( ) ( )

.10
120

10
10 2

331

2
5

2
5

5
2
3

5

2
3













+−β
−

+
β

−±=
zsneee

zsnc
c

wcc
c

czu ∓  (4.11) 

The corresponding SWS is given by 

( ) ( )
( )

.
sech2

tanh10
120

10
10 2

11

2
5

2
5

5
2
3

5

2
3













+β
−

+
β

−±=
zee

zc
c

wcc
c

czu ∓  (4.12) 

5. Coupled Schrodinger-KdV System 

The coupled Schrodinger-KdV system 

,uvuiu xxt +=  

( )xxxxt uvvvv 26 =++  (5.1) 

is known to describe various processes in dusty plasma, such as 
Langmuir, dust acoustic wave and electro-magnetic waves. The complete 
integrability of the system has been studied by Chowdhury et al. [3]. A 
kind of solution was obtained by Hase and Satsuma [8]. 

We introduce the transformations 

( ) ( ),, zVvzUeu i == θ  

,, ctkxzqtpx +=+=θ  (5.2) 

where kqp ,,  and c are constants. 

Substituting Equation (5.2) into Equation (5.1), we find that ,2pkc =  
and VU ,  satisfy the following coupled ordinary differential system 

( ) ,022 =+−+′′ UVUpqUk  

( ) .062 23 =′−′′′+′+′ UkVkVkVVpk  (5.3) 

We assume a solution of Equation (5.3) in the form 

( ),zBAU ℘+=  
( ).zDCV ℘+=  (5.4) 
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Substituting Equation (5.4) into Equation (5.3), we obtain 

( ),2 2pqA −±=  (5.5a) 

,26 2kB ±=  (5.5b) 

,0=C  (5.5c) 

,6 2kD −=  (5.5d) 

( ) .
3 4

22
2

k
pqg −

=  (5.5e) 

We can see that 3g  is arbitrary and the constraint relation among the 
coefficients is, 

.022 2 =−− qpp  (5.6) 

Thus the doubly PWSs for Equation (5.3) are, 

( ) ( ) [ ( ) ( )],262 2
313

22 znseeekpqzU −+±−±=  (5.7a) 

( ) [ ( ) ( )].6 2
313

2 znseeekzV −+−=  (5.7b) 

In the infinite period limit, as ,1→m  the EDMSs are 

( ) ( ) [ ( )],cosech3262 2
11

22 zeekpqzU +±−±=  (5.8a) 

( ) [ ( )].cosech36 2
11

2 zeekzV +−=  (5.8b) 

6. Conclusion 

The generalized fifth order KdV equation has been found to have 
EDMSs as well as SWSs by the method of WEF with no restrictions on 
the signs of the coefficients. It has been found that the fifth order mKdV 
equation has the EDMSs and the SWSs with the coefficients of the 
nonlinear term and the third order dispersive term being positive and the 
coefficient of the fifth order dispersive term being negative. The coupled 
nonlinear Schrodinger-KdV system has also been found to have EDMSs 
with a simple constraint relation among some of the coefficients. 
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Figure 1. EDMS (3.10) with alpha=1, beta=3, delta=1, omega=1, 
e1=1. 

 
Figure 2. SWS (3.16) with alpha=1, beta=3, delta=1, omega=1, e1=1. 
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Figure 3. EDMS (4.8) with beta=3, omega=1, e1=1, c3=1, c5=-1. 

 

Figure 4. SWS (4.12) with beta=3, omega=1, e1=1, c3=1, c5=-1. 
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